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Abstract
In this paper, the seismic response of elastic homogeneous ground surface was
presented in the presence of unlined horseshoe-shaped underground cavities subjected
to obliquely propagating incident SH-waves by using the time-domain half-plane
boundary element method (BEM). The Ricker wavelet was considered for the incident
wave function. In the use of the proposed method, the boundary around the tunnel was
only required to be discretized. After comparing the results of the present study with
existing analytical responses, it was found that the method had good accuracy in
modeling horseshoe-shaped tunnels. The responses are presented as two-/three-dimen-
sional diagrams in the time/frequency domain. Also, a comparative study is carried out
between circular and horseshoe cross-sections to observe the effect of the geometry on
the response pattern. The results show that the existence of subsurface openings as well
as horseshoe-shaped cavities has a significant effect on the variation of seismic patterns
and critical states of the ground surface. The used method can be proposed to
geotechnical engineers for preparing simple underground models to achieve the tran-
sient responses.
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1 Introduction

Study on the behavior of ground surface in the presence of underground cavities is one
of the most important studies for constructing any surface structures. In this regard,
various methods have been referred for seismic analysis of topographic features and
determination of the ground surface responses. In general, seismic analysis methods of
topographic features have been divided into three categories including analytical, semi-
analytical, and numerical approaches (Panji et al. 2013). In the analytical and semi-
analytical methods, the responses are more accurate and the approximations are lower,
but the models are limited to simple geometries. In this regard, Asano (1960) and then,
Datta (1974) was among the pioneer researchers who studied the effects of topographic
features under SH-waves using analytical methods. With the development of the wave
function expansion and weighted residual methods, the analytical methods were used in
the analysis of underground cavities/tunnels subjected to SH-waves by the majority of
researchers including Gamer (1977), Lee and Trifunac (1979), Chen (1980), Datta and
Shah (1982), Lee and Manoogian (1995), Manoogian (2000), Lee et al. (2002), Wang
and Liu (2002), Liu and Lin (2004), Shi et al. (2006), Smerzini et al. (2009), Liang et al.
(2010), Tsaur and Chang (2012), Yi et al. (2014), Amornwongpaibun et al. (2016) and
Gao et al. (2016). On the other hand, the volumetric numerical methods have been
developed for the analysis of underground cavities. Using the finite element method
(FEM), Lee and Rowe (1991) and Molinero et al. (2002) presented the ground surface
displacement in presence of underground cavities. Utilizing the finite difference method
(FDM), Yiouta-Mitra et al. (2007) investigated the importance of underground struc-
tures on the seismic response of the ground surface as well as the surface adjacent
structures. Also, Besharat et al. (2012) examined the presence of underground struc-
tures during an earthquake with regard to Sadr-Niayesh Tunnel as a case study.

In the boundary element method (BEM), one dimension of the models is reduced,
the meshes are only concentrated only around the boundary of desired features (the
target society of this paper includes subsurface cavities) and the radiation conditions of
waves are satisfied at infinity. Therefore, it is an appropriate approach for the dynamic
analysis of geotechnical problems (Beskos 1987). The advantages of BEM compared to
the volumetric approaches are included the significant reduction in analysis time, lower
volume of input data/memory seizure, and large contribution of analytical processes
which leads to high precision responses. In full-plane BEM, the model is truncated
from a full-space and the boundaries are closed in a distance far away from the desired
zone which leads to the approximate satisfaction of stress-free conditions on the ground
surface (Ahmad and Banerjee 1988). But, in the half-plane BEM approach, the
satisfaction of stress-free boundary condition of the surface is considered in an exact
process. Notwithstanding the difficult implementation and creating large equations in
the half-plane BEM compared to the full-plane BEM, no discretization of the smooth
surface and define fictitious elements for enclosing boundaries is needed. These
advantages simplify the modeling process (Panji et al. 2013). Luco, and de-barros,
F.C.P. (1994), Yu and Dravinski (2009), Parvanova et al. (2014), and Liu and Liu
(2015) were among the researchers who used frequency-domain full-plane BEM to
examine the effect of subsurface cavities on the response of ground surface. Also,
Benites et al. (1992) determined the seismic response of multiple cavities with the
assistance of frequency-domain half-plane BEM. The response of deep and shallow
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tunnels subjected to effective loads is presented by Panji et al. 2012and Panji et al.
2016) and Panji and Ansari (2017) using elastostatic full-plane and half-plane BEM,
respectively. Because of advantages such as analysis of time-dependent geometries,
obtaining the habitude of seismic wave’s propagation and obtaining the real solutions,
the BEM was developed in the time-domain. The time-domain full-plane BEM was
used by Takemiya and Fujiwara (1994) and Kamalian et al. (2008) for analyzing the
effects of subsurface topographies. The time-domain half-plane BEM was proposed by
some researchers including Rice and Sadd (1984), Belytschko and Chang (1988), and
Hirai (1988). Moreover, in the studies of Panji et al. (2013), Panji et al. (2014a, 2014b)
and recently, Panji and Mojtabazadeh-Hasanlouei (2018, 2019, 2020), Panji et al.
(2020) and Mojtabazadeh-Hasanlouei et al. (2020), they investigated the seismic
response of ground surface in the presence of different surface/subsurface topographic
features.

In the present paper, the ground surface response was evaluated in the presence of
horseshoe-shaped cavity subjected to obliquely propagating incident SH-waves using
time-domain half-plane BEM. In addition to validate the results compared to existing
analytical solutions, the response of the ground surface and the amplification patterns
were presented in the time/frequency-domain and the synthetic seismograms were
obtained. In this regard, incident wave angle and dimensionless frequency of the
responses were studied as the intended parameters. Simple modeling of actual under-
ground structures and obtaining accurate responses through the use of time-domain
half-plane BEM were among main purposes of this paper.

2 Time-Domain Half-Plane BEM

Two-dimensional scalar wave equation and governing boundary conditions on the
ground surface were respectively introduced for a homogeneous linear elastic medium
as follows (Morse and Feshbach 1953; Eringen and Suhubi 1975):

∂2u x; y; tð Þ
∂x2

þ ∂2u x; y; tð Þ
∂y2

þ b x; y; tð Þ ¼ 1

c2
∂2u x; y; tð Þ

∂t2
; ð1Þ

μ
∂u x; y; tð Þ

∂n

����
y¼0

¼ 0; ð2Þ

In the above equation, c is the shear wave velocity, u(x, y, t) and b(x, y, t) are the out-of-
plane displacement and body forces at coordinates (x, y) and time t, respectively, μ is
the shear modulus, and n is the ground surface normal vector. With considering
boundary conditions in Eq. (2), the time-domain half-plane fundamental solutions were
achieved from singular solution of Eq. (1). After applying the weighted residual
integral to Eq. (1) and ignoring body terms and initial conditions, and considering
the principles of waves diffraction in a half-plane, the modified direct boundary integral
equation (BIE) in time-domain can be obtained as follows (Brebbia and Dominguez
1989; Dominguez 1993):

Transportation Infrastructure Geotechnology

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



c ξð Þu ξ; tð Þ ¼ ∫Γ ∫t0 u* x; t; ξ; τð Þ � q x; tð Þ−q* x; t; ξ; τð Þ � u x; tð Þ� �
dτ

n o
dΓ xð Þ

þ uff ξ; tð Þ; ð3Þ

where u∗ is the transient half-plane displacement fundamental solution in the position x
and current time t due to an anti-plane single pulse at position ξ and time τ, q∗ is the
transient half-plane traction fundamental solution obtained from derivative of the
displacement fundamental solution along the normal vector, u and q are the boundary
displacement and traction values, respectively, c(ξ) is the corner effect, Γ(x) is the
boundary of the considered domain and uff is the free-field motion of the ground surface
for a uniform and homogeneous half-plane, which also satisfies the stress-free bound-
ary conditions. To solve Eq. (3), it is required to discretize the time-axis and geometric
boundary of the body. By discretizing the time-axis in N equal increments and
considering linear variations in each time-interval, the temporal integration on the
fundamental solutions can be analytically performed (Panji and Mojtabazadeh-
Hasanlouei 2018). After forming the spatial integration of Eq. (3) for all BEs, the
matrix form of the above equation can be derived as follows:

∑
N

n¼1
HN−nþ1 unf g ¼ ∑

N

n¼1
GN−nþ1 qnf g þ uff :N

� �
; ð4Þ

In this equation, {un} and {qn} are the vectors of boundary nodal quantities at the time-
step n. The elements of HN − n + 1 and GN − n + 1 can be obtained by integration over the
boundary elements. By applying the boundary conditions on the geometric boundaries
of the model, the solvable matrix form of Eq. (12) can be achieved as follows:

A1
1

� �
XN� � ¼ B1

1

� �
YN� �þ RN� �þ uff :N

� �
; ð5Þ

In which, the vectors or unknown and known boundary variables are illustrated by
{XN} and {YN}, respectively and {RN} is the effects of past dynamic-history on the
current time-node N.

3 Applications

After converting the above formulation in a general step-by-step time-domain algo-
rithm known as DASBEM (Panji et al. 2013), for validity checks, an underground
unlined horseshoe-shaped cavity subjected to SH-waves was used as illustrated in
Fig. 1. Utilizing time-domain half-plane BEM, only discretizing the boundary of cavity
was sufficed the modeling. This problem has been analytically solved by Gao et al.
(2016); therefore, was considered for benchmark purposes. DR is the depth ratio of the
cavity and fixed on 3 for presented validation examples. Incident wave was assumed as
the Ricker wavelet type (Fig. 2) as its function should satisfy the stress-free boundary
conditions. The function of a Ricker wavelet type is defined as Eq. (6) (Ricker 1953):
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f tð Þ ¼ 1−2 π f p t−t0ð Þ
� �2	 


e− π f p t−t0ð Þð Þ2 ; ð6Þ

where fp is the predominant frequency of the wave and t0 is the time shifting
parameter. The model is embedded in a half-plane and the stress-free boundary
conditions of the ground surface are satisfied; Therefore, by adding the phase of the
incident and reflected waves, the free-field displacement (uff) can be obtained as follows
(Reinoso et al. 1993):

Fig. 1 The problem geometry of a horseshoe-shaped cavity embedded in an elastic half-plane subjected to the
incident SH-waves

Fig. 2 The Ricker wavelet in the (a) time-domain and (b) frequency-domain
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uff x; y; tð Þ ¼ αmax � 1−2
π f p
c
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� �2

" #
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rinc:

c

� �
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c
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� �2

" #
e−
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 �2
H t−
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c

� � !
;

ð7Þ

in which, αmax is the maximum time-history amplitude, αinc. and αref. are the phase of
incident and reflected waves, and H is the Heaviside function. Also, αinc., αref., rinc. and
rref. can be obtained by the following equations:

αinc: ¼ c t−t0ð Þ þ rinc:; rinc: ¼ −sin θð Þ � xþ cos θð Þ � y; ð8Þ

αref : ¼ c t−t0ð Þ þ rref :; rref : ¼ −sin θð Þ � x−cos θð Þ � y; ð9Þ

According to Fig. 1, the nodal distance on the boundary of cavity was assumed equal to
10 and 321 internal points were defined in the surface range (S. R.) of -4r ≤ x ≤ 4r on
the ground surface (G. S.). The problem was solved with 1000 time-steps of 0.01 sec.
The predominant frequency, time shift parameter and maximum amplitude of the
Ricker wavelet were considered equal to 3 Hz, 2.4 sec., and 0.001 m, respectively. It
should be noted that the implementation of numerical procedure has been done in the
MATLAB (2020) programming software. The dimensionless frequency can be defined
as follows:

η ¼ ωr
πc

; ð10Þ

in which, η is the dimensionless frequency, ω is the angular frequency of wave, r is the
radius of the cavity, and c is the shear wave velocity. Figures 3 and 4 show the
Normalized Displacements Amplitude (NDA) of the ground surface for the dimension-
less frequencies of 1 and 4 in the different angles of incident SH-wave, compared to
analytical solutions of Gao et al. (2016). Based on the mentioned study, the number of
coefficients N and M to formulate the analytical solution was equal to 25 and 100,
respectively. As can be seen, the results are highly accurate.

3.1 Synthetic Seismograms

Figure 5 shows the general diffraction of the waves on the ground surface in the time-
domain subjected to obliquely propagating incident SH-wave. In this figure, the surface
range of -4r ≤ x ≤ 4r is considered to obtain the synthetic seismograms. Also, according
to the previous section, DR is equal to 3 for all the models. As can be seen in Fig. 5,
with increasing the wave angle from 0 degrees (vertically incident wave) to 90 degrees
(horizontally incident wave), diffraction of the responses is reduced in location of
cavity; But this issue is reverse for peripheral zones (± r ≤ x ≤ ± 4r). Almost, from the
fifth second onwards, the responses are converged and rapidly stabled by increasing the
incident angle. In other words, fluctuations duration is reduced by increasing θ, so that

Transportation Infrastructure Geotechnology

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



the time-range for vertical and horizontal cases is 1.5 to 3.5 and 1.5 to 3 sec.,
respectively.

3.2 Amplification Patterns

Although the results presented in the time-domain seem desirable to observe the
responses and show waves dispersion, examining the amplification ratio (the ratio of
the Fourier amplitude of the response to the Fourier amplitude of the free-field motion)
and displaying its behavioral patterns are possible only in the frequency-domain. Thus,
Fig. 6 is presented to show the three-dimensional amplification of the ground surface
versus the different dimensionless frequencies subjected to obliquely propagating
incident SH-waves. As shown in this figure, with increasing the dimensionless

Fig. 3 The normalized displacement amplitude of the ground surface versus x/b for a horseshoe-shaped cavity
subjected to the SH-waves with the different incident angles and the dimensionless frequency of η = 1.0
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frequency, the number of fluctuations, as well as the amplification ratio is increased.
Also, the maximum amplification ratio increases with increasing the incident angle of
seismic waves. This effect is clarified in a fixed dimensionless frequency (for example,
for vertical incident waves, the max amplification is less than 1.5 and for horizontal
incident waves, it is more than 2). In the range of (-r ≤ x ≤ r), with inclination of wave-
front, the amplification ratio increases and decreases at high and low frequencies,
respectively. The effect of isolation related to the presence of cavity is obvious in this
range, especially when the incident wave is radiated vertically. With increasing θ, the

Fig. 4 The normalized displacement amplitude of the ground surface versus x/b for a horseshoe-shaped cavity
subjected to the SH-waves with the incident angle of (a) θ = 0°, (b) θ = 30°, (c) θ = 60°, and (d) θ = 90° and the
dimensionless frequency of η = 4.0

Fig. 5 Synthetic seismograms of the ground surface for a horseshoe-shaped cavity subjected to the SH-waves
with the incident angle of (a) θ = 0°, (b) θ = 30°, (c) θ = 60°, and (d) θ = 90°
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turmoil of fluctuations is reduced on the opposite side of the wave-front. To get a better
view, Fig. 7 shows the ground surface responses at the different dimensionless fre-
quencies and incident wave angles. As can be seen, with increasing the dimensionless
frequency, the number of fluctuations is increased and the maximum responses are
observed near the arrival wave-front. According to interest the engineering knowledge
for studying the responses in the periodic range of 0.25 to 12 (Borcherdt 1994), which
corresponds to the wavelengths based on the width of topographic features, the
dimensionless period T is defined as follows:

T ¼ 1

η
; ð11Þ

According to Fig. 8, to determine the sensitivity of the amplification ratio in different
angles of the wave, three stations are considered on the surface to evaluate the
amplifications versus dimensionless periods. In this figure, SR is the space ratio
between the stations and fixed on 1.5 relative to the central station. As can be seen,
however, by increasing the angle of the wave, the maximum/minimum amplification
ratio is achieved, but the response reaches stability in less time and converges to the
smooth ground surface amplification. Also, it is worth noting that, with increasing the
angle of the wave, the number of fluctuations is decreased.

4 Comparative Study

The comparison form of the surface responses in the presence of underground horse-
shoe and circular-shaped cavities are illustrated in this section. As the results show, the

Fig. 6 The 3-D amplification of the ground surface versus different dimensionless frequencies for a
horseshoe-shaped cavity subjected to the SH-waves with the incident angle of (a) θ = 0°, (b) θ = 30°, (c) θ =
60°, and (d) θ = 90°
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amplitude of the reflected waves in the existence of a circular cavity is slightly more
than the horseshoe-shaped cavity for the vertical wave-front (Fig. 9). Due to the rotative
section of the circular cavity, the seismic waves are more easily crawled/reflected on
the boundary of the feature to reach the ground surface; while in the horseshoe-shaped
section, its lower boundary acts like a mirror that causes the inverse reflections. But, for

Fig. 7 The normalized displacement amplitude of the ground surface versus x/b for a horseshoe-shaped cavity
subjected to the SH-waves and the dimensionless frequency of (a) η = 0.5, (b) η = 1.0, (c) η = 1.5, (d) η = 2.0,
(e) η = 2.5, (f) η = 3.0, (g) η = 3.5, and (h) η = 4.0
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Fig. 8 The amplification of the ground surface versus different dimensionless periods for a horseshoe-shaped
cavity subjected to the SH-waves with the incident angle of (a) θ = 0°, (b) θ = 30°, (c) θ = 60°, and (d) θ = 90°

Fig. 9 Comparing the synthetic seismograms of the ground surface for a horseshoe and circular-shaped
cavities subjected to the vertical incident SH-waves
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horizontal wave-front (Fig. 10), there is no noticeable difference due to the geometry of
cavities. By transforming the responses to the frequency domain, the differences
become clearer. For vertical and horizontal incidence waves (Figs. 11 and 12), the
fluctuations in lateral areas of the horseshoe-shaped cavity are more than the
circular case. Moreover, for horizontal wave-font (Fig. 12), the shadow zone
effect (Trifunac 1973) is weaker compared to the circular feature. In the following,
Figs. 13 and 14 are compared the 2-D displacement of the ground surface in the
presence of horseshoe and circular-shaped cavities for dimensionless frequencies
of 0.5, 1.0, 1.5, and 2.0. The displacements of the ground surface are determined
based on the different depth ratios (DR) of 1.5, 2.5, and 4.5 for vertical and
horizontal incidence angles, respectively. As the results show, when the incidence
angle is vertical (Fig. 13), the responses of the circular cavity are slightly more
than the horseshoe case for different depth ratios, nonetheless, the patterns are in
harmony with each other. But, by inclining the wave-front towards the horizon
(Fig. 14), the responses of the horseshoe-shaped cavity show a little more dis-
placement. Moreover, there is more agreement between the results before the
location of the cavity, where the seismic waves are applied.

Fig. 10 Comparing the synthetic seismograms of the ground surface for a horseshoe and circular-shaped
cavities subjected to the horizontal incident SH-waves
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5 Conclusions

A uniform homogenous elastic half-plane medium including a horseshoe-shaped
underground cavity was analyzed to determine the seismic response of the ground
surface subjected to obliquely propagating incident SH-waves. A time-domain half-
plane BEM previously proposed by the authors (Panji et al. 2013) was used to create
the underground cavity model. Making the meshes focused only on the cavity’s
surrounding boundary and leaving the discretized ground surface not only reduce the
analysis time, but also reduce the input data and calculations volume compared to

Fig. 11 Comparing the 3-D amplification of the ground surface versus different dimensionless frequencies for
a horseshoe and circular-shaped cavities subjected to the vertical incident SH-waves
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traditional BEM approaches. The verification of the responses versus existing analyt-
ical results showed that the used method had a great accuracy for modeling under-
ground cavities. After the numerical and comparative study, the following results were
obtained:

1- As the synthetic seismograms showed, with increasing the angle of incident waves,
the convergence occurred earlier and the responses were stabled more quickly.

2- The general pattern of responses in the frequency-domain showed that, when
subjected to vertical propagation of incident SH-waves, the isolation effect in

Fig. 12 Comparing the 3-D amplification of the ground surface versus different dimensionless frequencies for
a horseshoe and circular-shaped cavities subjected to the horizontal incident SH-waves
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presence of horseshoe-shaped cavity was quite pronounced on reducing the ground
surface response.

Fig. 13 Comparing the normalized displacement amplitude of the ground surface versus x/b for a horseshoe
and circular-shaped cavities subjected to the vertical incident SH-waves and the dimensionless frequency of
(a) η = 0.5, (b) η = 1.0, (c) η = 1.5 and (d) η = 2.0

Fig. 14 Comparing the normalized displacement amplitude of the ground surface versus x/b for a horseshoe
and circular-shaped cavities subjected to the horizontal incident SH-waves and the dimensionless frequency of
(a) η = 0.5, (b) η = 1.0, (c) η = 1.5 and (d) η = 2.0
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3- By increasing the angle of incident SH-waves, the fluctuations were decreased in
the opposite side of the wave-front.

4- By increasing the angle of incident waves for different dimensionless frequencies,
the fluctuations of responses continuously increased in the near side of wave-front,
directly above the location of cavity.

5- According to the obtained results from the dimensionless period, the responses
converged to the amplification of the smooth ground surface (unit value) at the
wavelengths that were eight times larger than the feature’s width.

6- Comparing the response of horseshoe and circular-shaped cavities showed that the
horseshoe case increased the fluctuations in lateral zones and decreased the effect
of shadow zone in horizontal incident wave-front.

7- In the vertical incident waves, the response of the circular cavity was slightly more
than the horseshoe case, but this procedure was reversed for the horizontal incident
wave-front.
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