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S U M M A R Y
In this paper, a half-plane time-domain boundary element method (BEM) was presented for
analysing the 2-D scalar wave problems in a homogenous isotropic linear elastic medium.
Using the existing transient full-plane fundamental solution and asking for the assistance
of method of source image to satisfy the stress-free boundary conditions, first, a half-plane
time-domain fundamental solution was obtained for displacement and traction fields. Then,
the condensed closed-form of half-plane time-convoluted kernels were extracted analytically
by applying the time-convolution integral on the determined half-plane fundamental solutions.
After implementing the half-plane time-domain BEM in computer codes, its applicability and
efficiency were verified and compared with those of the published works by analysing several
practical examples. The studies showed that the proposed method had good agreement with
the existing solutions. Compared to the full-plane time-domain BEM, half-plane time-domain
BEM had more capability and better accuracy as well as much shorter run time. It is obvious
that this method can be practically used to analyse the site response in substituting the old-style
time-domain BEM formulation as well.

Key words: Site effects; Computational seismology; Wave scattering and diffraction; Wave
propagation.

1 I N T RO D U C T I O N

In technical literature, different volumetric and boundary methods exist for the analysis of soil dynamics and wave propagation problems,
which include finite difference method (FDM), finite element method and boundary element method (BEM). To analyse the infinite and
semi-infinite continuous media using finite element or FDMs, the boundaries of the energy absorber should be defined and the considered
domain needs to be discretized. In this case, the complexity of problem is doubled and the analysis time is increased. Nevertheless, to reduce
1-D in modelling and satisfy the Sommerfeld’s radiation conditions of waves at infinity automatically, boundary element (BE) is a suitable
method, especially to analyse various problems with infinite and semi-infinite boundaries (Beskos 1987, 1997).

Although the BEM has been developed in both transformed and time domains, systematic analysis of engineering problems in the time
domain has several advantages, from among which combining with other numerical methods and analysing non-linear behaviour, analysing of
various problems with time-dependent geometry and obtaining the real valued can be pointed out. The first direct time-domain BE formulation
was presented by Friedman & Shaw (1962) for antiplane elastodynamics and Cruse & Rizzo (1968) for in-plane elastodynamics. Cole et al.
(1978) showed the first general formulation of BE in the time domain for 2-D scalar problems. Niwa et al. (1980), Manolis & Beskos (1981)
and Manolis (1983) used the time-domain BE for the analysis of 2-D elastodynamics problems and their solutions were compared with
responses obtained in the transformed domains. The new form of full-plane time-convoluted kernels and BE formulation was presented by
Mansur (1983) for 2-D scalar and elastodynamics problems. His BEM formulation was obtained with regard to Heaviside functions and
assuming a triangular shape for time interpolations so that Dominguez (1993) showed a better view for them. Antes (1985) developed the
time-domain BE formulation for arbitrary initial conditions and Spyrakos & Antes (1986) was able to take them for dynamic analysis of
various problems. However, Spyrakos & Beskos (1986) presented another form of time-domain BEM for plane stress or strain problems
but Gallego & Dominguez (1990) showed that their obtained formulation was only a special case of the solutions of previous researchers.
Regardless of the Heaviside functions in integration, Israil & Banerjee (1990a,b) were able to show the simpler and more tangible form of
full-plane time-convoluted kernels for scalar and elastodynamics problems so that later Kamalian et al. (2003) modified their in-plane kernels
and implemented that in time-domain BEM algorithm in order to analyse different geotechnical earthquake engineering problems as well.

C© The Authors 2013. Published by Oxford University Press on behalf of The Royal Astronomical Society. 1849

 by guest on A
ugust 16, 2013

http://gji.oxfordjournals.org/
D

ow
nloaded from

 

http://gji.oxfordjournals.org/


1850 M. Panji et al.

Finally, works of Yu et al. (2000) and Soares & Mansur (2009) for antiplane elastodynamics problems are worth noting in the improvement
of time-domain BEM formulation.

Either in the time domain or in the transformed domains, two solving methods are proposed by BEM developers for dynamic analysis
of a half-plane medium (Dominguez & Meise 1991). In the first method, researchers use the full-plane BEM formulation; in such a case,
the considered model is truncated from a full space and, to satisfy the stress-free conditions on the ground surface, discrete modelling to a
distance far away from the interested zone is inevitable. Furthermore, fictitious elements which are called ‘enclosing elements’ are required
to be defined for obtaining the series of matrix elements and avoiding singularity in the integration (Ahmad & Banerjee 1988). Some studies
have been done using the above modelling process to analyse the seismic behaviour of various problems and obtain the site response which
include works by Sanchez-Sesma & Campillo (1991, 1993) on frequency domain and Kamalian et al. (2006, 2007, 2008a,b) on time domain.

In the second method, researchers use the half-plane BEM formulation for modelling their semi-infinite problems. Although in the use
of half-plane formulation, implementation is more difficult than the full-plane case, the models are simple and it is not necessary to discrete
the ground surface and define the fictitious elements. Therefore, the analysis time is reduced and the accuracy of the modelling is increased.
Several authors have obtained the half-plane BEM formulation for in-plane elastodynamics problems in both frequency and time domains
(Kontoni et al. 1987 in the frequency domain and Richter & Schmid 1999 in the time domain). But, because of numerical difficulties arising
from implementation and limitations in modelling different types of problems with various boundary conditions, other researchers have
paid little attention to them. On the other hand, not being able to obtain analytical time-convoluted kernels in the time-domain BEM, the
approximations is raised and the accuracy of the solutions is reduced.

Because of the simple boundary condition in antiplane elastodynamics formulation, it is possible to present the closed-form half-plane
fundamental solutions used in the half-plane BEM. Many studies have been done using half-plane BEM in the frequency domain for seismic
analysis of site due to propagating incident SH waves (Wong & Jennings 1975; Sanchez-Sesma & Esquivel 1979; Dravinski 1982; Ohtsu
& Uesugi 1985; Reinoso et al. 1993; Ausilio et al. 2008). However, in the time domain, a few studies have been done by half-plane BEM
and only works of Rice & Sadd (1984), Hirai (1988) and Belytschko & Chang (1988) can be mentioned. In these studies, the antiplane
BEM formulation of pioneer researchers (i.e. Cole et al. 1978; Mansur 1983) have been used to obtain half-plane time-convoluted kernels
and analyse the ground surface response. The condensed closed-form of half-plane time-convoluted kernels is not clearly shown in their
formulation.

A review of the literature showed that obtaining the half-plane time-domain BEM for in-plane problems was extremely complex and
unintelligible. On the other hand, more studies that are done by BEM to analyse the scalar wave problems, established on the half-plane
formulation, are in the frequency domain. Therefore, in this paper, first, using the transient full-plane fundamental solution of scalar wave
equation which was accessible in the literature and asking for the assistance of method of source image, a time-domain half-plane fundamental
solution was presented and, then, the simple closed-form of displacement and traction half-plane time-convoluted kernels were extracted
analytically by applying the time-convolution integral on them. To demonstrate applicability and efficiency of the expressed half-plane
time-domain BEM, several practical examples were analysed and verified by other published solutions. A half-plane under Heaviside-type
forcing function as well as a full/truncated semi-circular canyon and an embedded full/truncated circular cavity, due to vertically propagating
incident SH waves as Ricker wavelets type, was considered in detail. In addition, in order to compare two types of the applied modelling (i.e.
in the use of the proposed half-plane time-domain BEM and full-plane time-domain BEM), a separate BEM code established on full-plane
case was prepared and, in completely the same conditions, accuracy of the solutions as well as analysis time was evaluated. The main purpose
of this paper included demonstrating simple models in the use of the presented half-plane time-domain BEM, especially for site response
analysis, dramatically reducing analysis time compared with full-plane case and accurately obtaining the solutions.

2 S TAT E M E N T O F T H E P RO B L E M

A linearly elastic homogeneous and isotropic half-plane was considered (Fig. 1). The equation of motion for antiplane strain model was as
follows:

∂2u(x, y, t)

∂x2
+ ∂2u(x, y, t)

∂y2
+ b (x, y, t) = 1

c2

∂2u(x, y, t)

∂t2
, (1)

Figure 1. A linearly elastic half-plane due to a concentrated out of plane body force at point (ξ, η) and preceding time τ .
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where u(x, y, t) and b(x, y, t) are out of plane displacement and body force at point (x, y) and current time t , respectively, and c is the
shear wave velocity given by

√
μ/ρ, with μ as shear modulus and ρ as mass density. The singular solution of eq. (1), with no regard to any

boundary conditions, gave full-plane fundamental solutions. Nevertheless, for a 2-D antiplane semi-infinite media, eq. (1) was solved with
the following boundary condition:

μ
∂u(x, y, t)

∂n

∣∣
y=0

= 0, (2)

where n is the normal vector that is perpendicular to the ground surface. Simultaneously, singular solution of eqs (1) and (2) presented the
half-plane fundamental solution.

3 S O LU T I O N M E T H O D

3.1 Half-plane fundamental solution

To obtain the singular solution of eq. (1) at point (x, y) and time t due to a unit impulsive body force acting point (ξ, η) and preceding time
τ , the following can be written (i.e. b (x, y, t) = δ (x − ξ ) δ (y − η) δ(t − τ )):

∂2u(x, y, t ; ξ, η, τ )

∂x2
+ ∂2u(x, y, t ; ξ, η, τ )

∂y2
− 1

c2

∂2u (x, y, t ; ξ, η, τ )

∂t2
= −δ (x − ξ ) δ (y − η) δ(t − τ ), (3)

where δ(.) denotes the Dirac delta function at an assumed point. Application of Fourier transform [denoted by circumflex (ˆ)] to u(x, y, t ; ξ, η, τ )
with regard to the x-coordinate and Laplace transform (denoted by overbar) with regard to time, that is:

u(x, y, t ; ξ, η, τ ) ⇔ û(k, y, t ; ξ, η, τ ), (4)

û(k, y, t ; ξ, η, τ ) ⇔ ̂̄u(k, y, s; ξ, η, τ ). (5)

Eq. (3) in the transformed domain will be:

d2̂̄u(k, y, s; ξ, η, τ )

dy2
−

(
s2

c2
+ k2

)̂̄u(k, y, s; ξ, η, τ ) = −δ (y − η) e−ikξ e−sτ . (6)

So,

F (δ(x − ξ )) = e−ikξ , (7)

L (δ (t − τ )) = e−sτ H (τ ) = e−sτ , if τ > 0, (8)

in which s is the Laplace transform parameter and k is the Fourier transform parameter (horizontal wavenumber of wave propagation). If a
particular solution of eq. (6) is denoted by ̂̄u p

, assuming that k = αs, it will be:

̂̄u p
(α, y, s; ξ, η, τ ) = 1

2sβ
e−isαξ−sτ−s|y−η|β, (9)

where

β(α) =
√

α2 + 1

c2
, with �(β) ≥ 0. (10)

Eq. (9) is the full-plane fundamental solution of scalar wave equation in the Laplace-wavenumber domain. Without considering the unit
impulsive force, eq. (6) will have a homogenous form:

d2̂̄u(k, y, s)

dy2
−

(
s2

c2
+ k2

)̂̄u(k, y, s) = 0. (11)

Assuming that (s2/c2) + k2 = φ2 and ̂̄uh
denoting the homogenous solution, the answer of above equation is as follows:

̂̄uh
(α, y, s) = A (α, s) e−φy + B (α, s) e+φy . (12)

Eq. (12) may be expressed for the radiating wave going downward:

̂̄uh
(α, y, s) = A (α, s) e−φy . (13)

The coefficient A(α, s) can be obtained by the boundary condition (2). Therefore, total solution of eq. (1) for a half-plane in the
transformed domain will become:

̂̄u(α, y, s; ξ, η, τ ) = 1

2sβ
e−isαξ−sτ−s|y−η|β + A (α, s) e−φy . (14)
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Applying the boundary condition (2) to the above equation, the unknown coefficient A(α, s) is obtained as follows:

A (α, s) = 1

2sβ
e−isαξ−sτ−sηβ, (15)

in which ̂̄u denotes the half-plane fundamental solution of 2-D scalar wave equation in Laplace-wavenumber domain. As can be shown,
eq. (14) consists of two terms that differ only in a section from each other. This is the method called mirror or image that can be found in
several references (Duffy 2001; Haberman 2004). However, the method applied in this study was general and could be used also for different
geometries, not just for the half-plane. After applying the Cagniard–De Hoop method (De Hoop 1960) to take the inverse transforms and
change the integration path, rearranging the integrals in terms of time parameters, and integrating over the range [0, +∞] on the hyperbola
path, the following equation was obtained for eq. (14) in the space–time domain:

u∗ (x, y, t ; ξ, η, τ ) = 1

2π

⎛⎝ H
(
(t − τ ) − r

c

)√
(t − τ )2 − (

r
c

)2
+

H
(

(t − τ ) − r ′
c

)
√

(t − τ )2 − (
r ′
c

)2

⎞⎠ , (16)

where H (.) is the Heaviside function, and r and r ′ are defined as Fig. 1. u∗(x, y, t ; ξ, η, τ ) denotes time-domain half-plane displacement
fundamental solution at point (x, y) and time t due to a unit antiplane impulsive force at point (ξ, η) and preceding time τ . 2-D full-space
transient antiplane elastodynamics fundamental solutions can be found in Morse & Feshbach (1953) and Eringen & Suhubi (1975).

In addition to the half-plane displacement fundamental solution, it is also required to obtain flux or traction fundamental solution for BE
formulation. However, taking the differentiation of eq. (16) with regard to the normal can be written as:

q∗ (x, y, t ; ξ, η, τ ) = c

2π

⎛⎜⎝
⎡⎢⎣ r H [c (t − τ ) − r ][√

c2(t − τ )2 − r 2
]3

∂r

∂n

⎤⎥⎦ +

⎡⎢⎣ r ′ H [c (t − τ ) − r ′][√
c2(t − τ )2 − r ′2

]3

∂r ′

∂n

⎤⎥⎦
⎞⎟⎠ , (17)

where q∗(x, y, t ; ξ, η, τ ) denotes the time-domain half-plane traction fundamental solution. To carry out the differentiation, (t − τ ) > r/c
and (t − τ ) > r ′/c were assumed.

3.2 Boundary integral equation (BIE) for external loads

By applying weighted residual integral to eq. (1), eliminating the volumetric integral terms using boundary methods, and ignoring contributions
from the initial conditions and body forces, direct BIE in time domain can be obtained as (Brebbia & Dominguez 1989):

c (ξ ) u (ξ , t) =
∫

�

[u∗ (x, t ; ξ , τ ) ⊗ q (x, τ ) − q∗ (x, t ; ξ , τ ) ⊗ u (x, τ )] d�(x), (18)

where u∗ and q∗ are eqs (16) and (17); u and q are displacements and tractions of boundary, respectively. �(x) denotes the boundary of body
and x the position vector. u∗ ⊗ q and q∗ ⊗ u denote the Riemann-convolution integrals and c (ξ ) is the geometry coefficient. By defining the
time-convolution integral, the above equation can be rewritten as:

c (ξ ) u (ξ , t) =
∫

�

{∫ t

0
[u∗ (x, t ; ξ , τ ) . q (x, τ ) − q∗ (x, t ; ξ , τ ) . u (x, τ )] dτ

}
d�(x). (19)

3.3 BIE for wave scattering

For propagating SH waves in a half-plane, total displacement can be decomposed into two parts as follows (Ohtsu & Uesugi 1985; Reinoso
et al. 1993):

u (x, t) = u f f (x, t) + usc.(x, t), (20)

where u f f is the free field displacement of ground surface (without surface irregularities) and usc. is the contribution of scattered waves. The
scattered wavefield is computed by the BEM. In an infinite space, the free field displacement is identical to the incident wavefield uinc.(x, t)
because of the radiation condition. Stress-free condition on the ground surface (eq. 2) can be expressed as the following equation for 2-D SH
wavefield:

∂u(x, t)

∂n
= ∂u f f (x, t)

∂n
+ ∂usc.(x, t)

∂n
= 0. (21)

To satisfy eq. (21), a reflected wavefield ure f.(x, t) must be considered with the reverse phase of incident wave so that the free field
displacement is obtained with summing incident and reflected wavefield. Considering eq. (20), BIE (eq. 19) must be modified as (Kawase
1988; Hadley et al. 1989):

c (ξ ) u (ξ , t) =
∫

�

{∫ t

0
[u∗ (x, t ; ξ , τ ) .q (x, τ ) − q∗ (x, t ; ξ , τ ) .u (x, τ )] dτ

}
d� (x) + u f f (ξ , t) . (22)
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The total displacement is obtained from solving eq. (22). Notably, in order to satisfy the Sommerfeld’s radiation condition, while using
the models established on full-plane BEM, uinc. substitutes u f f in eq. (22).

3.4 Internal points

Once eq. (22) is solved, it is possible to obtain displacements at any point m in 
, including the surface y = 0 beyond the boundary nodes.
To obtain them, the following modified equation is used [cm(ξ ) = 1]:

um (ξ , t) =
∫

�

{∫ t

0
[u∗m (x, t ; ξ , τ ) . q (x, τ ) − q∗m (x, t ; ξ , τ ) . u (x, τ )] dτ

}
d� (x) + u f f.m (ξ , t) , (23)

where u∗m and q∗m are half-plane displacement and traction fundamental solution for each of different internal points, respectively, and u f f.m

is free field displacements that should be recalculated.

3.5 Calculation of c(ξ )

To calculate the geometry coefficient c(ξ ), the following equation is used (Dominguez 1993):

c (ξ ) = θ

2π
, (24)

where θ is the internal angle of the corner in radians. If the internal angle subtended by the normals (γ ) at corner is specified, the above
equation can be rewritten as follows:

c (ξ ) = 1

2

(
1 − γ

π

)
. (25)

4 N U M E R I C A L I M P L E M E N TAT I O N

For solving eq. (22) and obtaining the field variables, time axis and geometric boundary of the body must be discretized. In this equation, no
approximation is involved until before of discretization and it is an exact relationship. As will be shown, to carry out the temporal integration
the analytical process is elaborated and the numerical procedure is performed to spatial integration.

4.1 Temporal integration using linear time variation

For temporal integration, the interval from 0 to t was divided into N equal increments of duration �t , that is, t = N�t . Within each time
step, the field variables could be assumed to remain linearly. Hence, the field variables are:

f (x, τ ) =
N∑

n=1

φ1 (τ ) f n (x) + φ2 (τ ) f n−1 (x) , (26)

where f (x, τ ) stands for displacement u (x, τ ) or traction q (x, τ ), φ1(τ ) and φ2(τ ) are the temporal interpolation functions corresponding
to the forward and backward time nodes during a time step, respectively, as follows:

φ1 (τ ) = τ − (n − 1) �t

�t
Mn (τ ) ; φ2 (τ ) = n�t − τ

�t
Mn (τ ) , (n − 1) �t ≤ τ ≤ n�t,

Mn(τ ) = H [τ − (n − 1) �t] − H [τ − n�t] . (27)

However, time-convoluted integrals of eq. (22) can be denoted by:

U N−n+1
i (x, ξ ) =

∫ n�t

(n−1)�t
u∗ (x, N�t ; ξ , τ ) φi (τ ) dτ ; i = 1, 2, (28)

and

QN−n+1
i (x, ξ ) =

∫ n�t

(n−1)�t
q∗ (x, N�t ; ξ , τ ) φi (τ ) dτ ; i = 1, 2. (29)

After temporal integrations, the time-convoluted BIE took the following form:

c (ξ ) uN (ξ ) =
N∑

n=1

∫
�

( [
U N−n+1

1 (x, ξ )qn (x) + U N−n+1
2 (x, ξ )qn−1 (x)

]−[
QN−n+1

1 (x, ξ )un (x) + QN−n+1
2 (x, ξ )un−1 (x)

]
)

d� (x) + u f f.N (ξ ) , (30)

where U N−n+1
1 and U N−n+1

2 are the half-plane displacement time-convoluted kernels, QN−n+1
1 and QN−n+1

2 are the half-plane traction time-
convoluted kernels corresponding to the forward and backward time nodes within a time step, respectively, and uN and u f f.N stand for
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the boundary displacement and the free field displacement at time t = N�t , respectively. The full-plane displacement and traction time-
convoluted kernels for antiplane elastodynamics can be found in Israil & Banerjee (1990a), Israil et al. (1992) and Banerjee (1994). On the
time axis with the linear variation, the backward time node of the current time step is always covered by the forward time node of the previous
time step. Hence, after simplifying and eliminating singularity terms in wave fronts, eq. (30) can be rewritten as follows:

c (ξ ) uN (ξ ) =
N∑

n=1

∫
�

( [
U N−n+1

1 (x, ξ ) + U N−n
2 (x, ξ )

]
qn (x) −[

QN−n+1
1 (x, ξ ) + QN−n

2 (x, ξ )
]

un (x)

)
d� (x) + u f f.N (ξ ) , (31)

where U N−n+1
1 + U N−n

2 and QN−n+1
1 + QN−n

2 are the condensed closed-form of half-plane displacement and traction time-convoluted kernels,
respectively, which are given in Appendix (see eqs A1 and A2). In this form of BIE, the spatial numerical integration can be applied
straightforward.

4.2 Spatial integration

To accomplish the spatial integration, which is carried out numerically, the boundary of the domain is discretized with isoparametric quadratic
elements. Subsequently, all the quantities such as geometry and field variables are given in terms of the nodal variables as:

xi (κ) = Nα (κ) xiα,

f (x (κ)) = Nα (κ) fα, (32)

where f stands for the displacement and traction, i = 1, 2, α = 1, 2, 3; Nα (κ) are quadratic shape functions and κ is the local intrinsic
coordinates of the elements. With the spatial discretization, eq. (31) has in the following form:

c (ξ ) uN (ξ ) =
N∑

n=1

M∑
m=1

⎡⎢⎢⎢⎣
∫

�m

[
U N−n+1

1 (x (κ) , ξ ) + U N−n
2 (x (κ) , ξ )

]
Nα (κ) |J | dκqn

α−∫
�m

[
QN−n+1

1 (x (κ) , ξ ) + QN−n
2 (x (κ) , ξ )

]
Nα (κ) |J | dκun

α

⎤⎥⎥⎥⎦ + u f f.N (ξ ) , (33)

where M represents the total number of BEs, �m stands for portion of the boundary to which element ‘m’ belongs and J is the Jacobian of
transformation that could be obtained from the following equation:

Ji = ∂ Nα(κ)

∂κ
xiα. (34)

4.3 Evaluation of singular part integration

At the first time step (i.e. for N = n), when the collocation point (source) is in the integration element, evaluation of special conditions is
necessary for spatial integration of eq. (33). In this case, for eq. (A2), as the denominator (i.e. r or r ′) goes to zero, the numerator (i.e. ∂r/∂n
or ∂r ′/∂n) goes to zero as well. Hence, traction time-convoluted kernel has a removable singularity on the order of O(1) and regular Gauss
quadrature is performed easily to integrate. However, on the other hand, displacement time-convoluted kernel has a singularity O (ln1/rr ′)
that requires taking special schemes. In this regard, eq. (A1) can be separated into singular and non-singular parts as follows:

Eq. (A1) = {Non-singular part} + 1

2π
ln

(
1

rr ′

)
, (35)

where only the second term is singular and it has the same singularity as the static fundamental solutions (Brebbia & Dominguez 1989;
Dominguez 1993). For non-singular part, the regular Gauss quadrature is used and a special logarithmic numerical quadrature is applied
to carry out the integration of singular part. It should be noted that, in spite of the established models on full-plane time-domain BEM, to
promote the singularity problems in this study, no indirect method was used as the concept of rigid body motion and region of interest was a
non-closed boundary. In this case, it was not required to define the fictitious elements, known as ‘enclosing elements’.

4.4 Time stepping algorithm

After spatial integration of eq. (33) for each boundary node, it can be written in the following matrix form:

N∑
n=1

H N−n+1 {un} =
N∑

n=1

GN−n+1 {qn} + {
u f f.N

}
, (36)

where H N−n+1 and GN−n+1 are the matrices whose elements are obtained by integration over the BEs, {un} and {qn} are vectors of boundary
nodal quantities at the time step n. By applying the boundary conditions to the nodes and setting the unknown on the left, the above equation
can be reordered as:[

A1
1

] {
X N

} = [
B1

1

] {
Y N

} + {
RN

} + {
u f f.N

}
, (37)
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where
{

X N
}

and
{
Y N

}
are the vectors of the unknown and known variables, respectively, and

{
RN

}
involves the effects of past dynamic

history on the current time node N , as:

{
RN

} =
N−1∑
n=1

(
GN−n+1 {qn} − H N−n+1 {un}) . (38)

Solving eq. (37) gives all boundary unknowns at each time step. Once eq. (37) is solved, it is possible to obtain displacements at any
internal point m in domain. Then:

{
uN .m

} =
N∑

n=1

(
G〈N−n+1〉.m {qn} − H 〈N−n+1〉.m {un}) + {

u f f.N .m
}
, (39)

where uN .m and u f f.N .m are displacement and free field response at any arbitrary internal point, respectively, GN−n+1.m and H N−n+1.m are
matrices whose elements depend on the location of internal points and boundary nodes.

5 VA L I DAT I O N E X A M P L E S

The formulation described above was implemented in a general half-plane BEM code as DASBEM (Dynamic Analysis of Structures using
Boundary Element Method). To demonstrate the applicability and accuracy of this algorithm (as case 1 was denoted in the following) for
the analysis of engineering problems, three different examples are solved and their results were compared with other published works. In
addition, a separate full-plane BEM code (as case 2) was prepared by Israil and Banerjee’s full-plane formulation (Israil & Banerjee 1990a)
and was applied for analysing the considered examples.

5.1 A half-plane under Heaviside-type forcing function

In the first example, a half-plane with a surface free from traction due to uniformly distributed loading with a time dependence of a Heaviside
function type was considered. This example showed the applicability and efficiency of the presented formulation in problems involving
external loads. Fig. 2 represents dimensionless displacement at three points A, B and C on the ground surface versus dimensionless time. All
the parameters and quantities are denoted in the mentioned figure.

As shown in Fig. 3, to solve this example, two types of the model were prepared which were established by (i) the half-plane time-domain
BEM (case 1) and (ii) the full-plane time-domain BEM (case 2). The first case had only 10 quadratic BEs or 21 nodes at the loading place.
The second case was modeled by 10 BEs at the loading place and 114 BEs at beyond the loading or totally 249 nodes. Also, to apply the
suddenly stress variation effects at the corners (Fig. 3a), the proposed double-node technique was used (Mansur 1983). The problem was
solved using 40 time steps with �t = 0.05. Compared with the analytical solution (as can be found in Wang & Takemia 1992), the accuracies
of the results were favourable, especially for case 1.

Figure 2. Comparison of analytical solution and boundary element models for an elastic half-plane due to uniformly distributed loading with a time dependence
of a Heaviside function type; horizontal axis denotes the dimensionless time and vertical axis is dimensionless displacement with u as actual displacement.
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Figure 3. Schematic boundary element models for a linearly elastic half-plane subjected to uniform traction by: (a) the half-plane time-domain BEM (case 1);
(b) the full-plane time-domain BEM (case 2).

Figure 4. A definition sketch for a full/truncated semi-circular canyon under vertically propagating incident SH waves of Ricker type.

5.2 A full/truncated semi-circular canyon

In this example and the next one, application of the presented formulation and potency of the prepared algorithm were shown in analysing the
seismic problems and obtaining the site response. At first, a full/truncated semi-circular canyon was considered due to vertically propagating
incident SH waves (Fig. 4). Herein, incident motion was assumed as Ricker wavelets with λp representative wavelength (Ricker 1953):

f (t) =
[
1 − 2

(
π f p(t − t0)

)2
]

e−(π f p (t−t0))2

, (40)

where f (t) denotes the function form of Ricker wavelet versus time history, f p and t0 are the predominant frequency and time-shift parameter,
respectively. Taking into account eq. (40), the displacement of SH wave incidence for vertical propagation was represented as follows:

uinc. (y, t) = amax . f (αinc.) H

(
t − |y|

c

)
, (41)

in which amax and H (.) indicate the maximum displacement time history and Heaviside function, respectively, and argument αinc. denotes the
phase of incident waves at location |y| and time t to be measured from a specified location in which the ground surface is considered. To
satisfy the stress-free conditions on the ground surface, a reflected wave with a reverse phase must be assumed:

uref . (y, t) = amax . f
(
αref .

)
H

(
t − |y|

c

)
, (42)

where αref . indicates the phase of reflected waves. Hence, input motion (free field displacement) would be:

u f f (y, t) = amax .

⎛⎜⎜⎜⎝
[

1 − 2
(

π f p

c αinc.
)2

]
e
−
(

π f p
c αinc.

)2

+[
1 − 2

(
π f p

c αref .
)2

]
e
−
(

π f p
c αref .

)2

⎞⎟⎟⎟⎠ H

(
t − |y|

c

)
. (43)

So,

αinc. = c (t − t0) + |y| ; αref . = c (t − t0) − |y| . (44)

It should be noted that, while using full-plane BEM, αref . was equal to zero.
One of the important factors in stability evaluations of time-domain BEM analysis is proper selection for time step and nodes interval.

This can be expressed by defining the dimensionless parameter β as:

β = c�t

�l
, (45)

where c, �t and �l are shear wave velocity, time step and distance between nodes, respectively. In fact, parameter β indicates the number of
elements in a time step when the seismic wave passes. In the use of time steps, it is recommended that β be close to 1 for elastodynamics
problems with uniform meshes (Dominguez & Gallego 1991). Thus, the effect of parameter β is investigated for this example with the
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Transient analysis by half-plane BEM 1857

Figure 5. Time-domain displacement on the surface of semi-circular canyon for different values of β in: (a) edge of the canyon (point A); (b) the canyon floor
(point B).

Figure 6. Time-domain displacement on the surface of truncated semi-circular canyon for different values of β in the: (a) upper edge (point A); (b) edge of
the flat surface (point B); (c) middle of the flat surface (point C).

assumed data in Fig. 4. The dimensionless truncation thickness (h/b) was selected as 0.4 in this section. Distance of nodes was equal to 20 m
(i.e. considering 31 and 27 nodes, only on the surface of the full and truncated canyons, respectively) and shear wave velocity was equal to
800 m s–1; thus, the values of time steps changed from 0.005 to 0.025. This change caused β to be 0.2 to 1, respectively. The predominant
frequency, time-shift parameter and maximum amplitude of SH wave of Ricker type were equal to 2 Hz, 1.5 s and 0.001 m, respectively. In
Figs 5 and 6, the time-domain ground response for different points of canyon surface is given. As can be seen, the responses were steady to the
change of β parameter. Hence, to optimize the number of time steps and obtain the acceptable response, β was chosen as 1 in this example.

Similar to the previous example, to compare the half-plane and full-plane time-domain BEM in the seismic analysis of canyon structures,
two types of models were produced as cases 1 and 2, respectively. Fig. 7 shows discretized zones for two models. Models’ details are shown in
Table 1. Ricker wavelet specifications were equal to 3.0 Hz, 1.0 s and 0.001 m, for predominant frequency, time-shift parameter and maximum
amplitude, respectively. The problem was solved by 120 time steps with �t equal to 0.025. It deserves mentioning that the same number of
nodes was used to discretize the canyon surface in two models, as in Table 1.
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Figure 7. Schematic boundary element models for a full/truncated semi-circular canyon subjected to vertically propagating incident SH waves by: (a) the
half-plane time-domain BEM (case 1); (b) the full-plane time-domain BEM (case 2).

Table 1. Models’ specifications for a full/truncated semi-circular canyon.

Models’ details

case 1 case 2

N.D. (m) N.N. Int. P. N.D.a (m) N.N. (canyon) N.N. (beyond the canyon)

Full 20 31 40 20 31 184
h = 0.75b 20 23 60 20 23 184

Truncated h = 0.50b 20 25 60 20 25 184
h = 0.25b 20 29 60 20 29 184

aThe distance of nodes increases to 200 m at beyond the canyon for case 2.
N.D., nodes distance; N.N., number of nodes; Int. P., number of internal points.

To obtain the site response, further studies were done in the frequency domain. Generally, response amplitude of ground surface is
presented at specific dimensionless frequencies in the frequency domain. Therefore, to compare the results of the current study with those of
other published works, dimensionless frequency relationship must be defined as follows:

η = ωb

πc
, (46)

where ω is the angular frequency of incident wave, b is the radius of canyon and c is the shear wave velocity. In Fig. 8, normalized displacement
amplitude of semi-circular canyon surface and its beyond are plotted and compared with other published analytical and numerical solutions
at dimensionless frequencies 0.25, 0.75, 1.25 and 2.0. Normalized displacement amplitude was defined as the ratio of the Fourier amplitude
of the total motion obtained by BEM to the Fourier amplitude of the incident motion. The semi-circular canyon structures were solved by
Trifunac (1972), Kawase (1988) and Reinoso et al. (1993) using transformed-domain methods. In addition, this problem was solved by Hirai
(1988) using Mansur’s BEM formulation (Mansur 1983) in the time domain. As can be shown, in spite of the insignificant difference at low
dimensionless frequencies (i.e. 0.25 and 0.75), good agreement was observed between the current study and other published solutions. Cases
1 and 2 were quite consistent for semi-circular canyon.

Fig. 9 compares normalized displacement amplitude with respect to normalized x-direction for a truncated semi-circular canyon between
the current study and an analytical solution. Tsaur & Chang (2009) have studied this problem recently. In different dimensionless truncation
thickness (h/b), the results were very good agreement at dimensionless frequency of 2.0. Similar to semi-circular canyon, accuracy of the
responses was the same between case 1 and case 2.

5.3 An embedded full/truncated circular cavity

In this example, displacement response of an elastic half-plane containing an unlined full/truncated circular cavity subjected to vertically
propagating incident SH waves was obtained by the presented formulation and was compared with other existing solutions. Schematic
geometry of the problem is shown in Fig. 10. To obtain acceptable responses for this problem, the distance between nodes was considered
equal to 10 m. Depending on the depth of the cavity (H ), the number of time steps and time-shift parameter (t0) had different values. In spite
of the canyon structures, in which the distance between wave front to ground surface was not far, in the embedded cavity problems, much
time was necessary to take the forward waves to the ground surface and reflect them. The closest node to wave front (i.e. bottom node of
cavity wall) in vertically propagating waves obtained the value of t0 and the farthest node from the wave front (i.e. ground surface nodes)
determined the number of time steps. The number of time steps, value of t0 and details of models could be seen in Table 2. The predominant
frequency and maximum amplitude of Ricker wavelet type were the same as those of the previous example.
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Figure 8. Normalized displacement amplitude on the surface of semi-circular canyon versus x/b at: (a) η = 0.25; (b) η = 0.75; (c) η = 1.25; (d) η = 2.

Fig. 11 shows the normalized displacement amplitude of ground surface involving a circular cavity embedded in the depth of 1.5b for
dimensionless frequencies 0.5, 1.0, 1.5 and 2.0. The published solutions of this problem were presented by Lee (1977), Benites et al. (1992)
and Luco & deBarros (1994) in the frequency domain. Lee (1977) demonstrated an analytical solution and two other solutions were carried
out by indirect BEM. Compared with the mentioned solutions, the present studies were in good agreement. However, the remarkable thing was
that disagreement could be observed between cases 1 and 2 at the top of the cavity on the ground surface (−b < x < b) at the dimensionless
frequency of 2.0. As can be seen, case 1 represented better accuracy.

Fig. 12 shows ground response in the presence of an embedded cavity in the depth of 5b. Accuracy of the results was favourable. As can
be seen, with increasing the cavity depth, at all dimensionless frequencies, disagreement could be observed between cases 1 and 2. Similar to
depth 1.5b, compared with other solutions, accuracy of case 1 was always better that of than case 2. It deserves mentioning that cases 1 and
2 are modelled in the same conditions.

It should be mentioned that not only the results of this study (case 1), but also the results of Benites et al. (1992) as well as the results of
Luco & deBarros (1994), differ slightly in few points with the results of Lee (1977). In other words, wherever the results of this study (case 1)
differ slightly with the results of Lee (1977), exactly the same difference can be seen between the results of Benites et al. (1992) as well as
the results of Luco & deBarros (1994) with the results of Lee (1977). The authors guess that an important source of this small disagreement
between the numerical and analytical results could be some probable simplifying assumptions that Lee (1977) maybe adopted in order to
enable the problem to be solved analytically.

In Fig. 13, displacement amplitude of cavity wall is shown in the depth of 1.5b and 5b for dimensionless frequencies of 0.5 and 1.0. The
agreement was good between case 1, case 2 and Luco and deBarros’s solution.

Among the recent studies carried out on the effects of underground cavities and inclusions on the ground surface response, the results
of Yu & Dravinski (2009) can be referred to. These researchers studied the effect of an embedded cavity in the depth of 2b at dimensionless
frequency of 2.0 using frequency-domain direct BEM and used a full-plane fundamental solution for BEM formulation. As can be shown in
Fig. 14, precision of the responses was excellent for a large range of ground surface (−10b < x < 10b), especially for case 1.

Fig. 15 shows response amplitude of a half-plane containing a truncated circular cavity immersed in different depths for dimensionless
frequencies of 1.0 and 4.0. An analytical solution was presented by Tsaur & Chang (2012) for this problem. To illustrate the results, the
dimensionless truncation thickness (h/b) was chosen as 0.4 by Tsaur & Chang (2012). As can be observed, even at high frequency (η = 4.0
or actual frequency of 8.0 Hz), the displacement responses were in very good agreement for case 1.
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Figure 9. Normalized displacement amplitude on the surface of truncated semi-circular canyon versus x/b at dimensionless frequency of 2.0 for h/b equal
to: (a) 0.25; (b) 0.5; (c) 0.75.

Figure 10. A definition sketch for an embedded full/truncated circular cavity under vertically propagating incident SH waves of Ricker type.
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Table 2. Models’ specifications for an embedded full/truncated circular cavity (h/b = 0.4).

Models’ details

case 1 case 2 case 1/case 2

N.N. Int. P. N.N. (the cavity) N.N. (the ground surface) N stepa
t0 (s) N.D. (m)

H = 1.5b 126 121 126 225 150 1.60 10
Full H = 2.0b 62 201 62 205 180 1.90 20

H = 5.0b 126 121 126 225 280 3.30 10

H = 3.0b 60 81 60 205 180 2.10 20
Truncated H = 5.0b 60 81 60 205 270 3.10 20

H = 7.0b 60 81 60 205 320 4.10 20

aNstep indicates the number of time steps.

Figure 11. Normalized displacement amplitude on the ground surface versus x/b in the presence of an embedded cavity in depth of 1.5b at: (a) η = 0.50;
(b) η = 1.0; (c) η = 1.50; (d) η = 2.0.

5.4 Analysis time

All the algorithms used in this study were written by MATLAB software. CPU time of all the examples is given in Table 3 in terms of second.
As can be observed, using the half-plane time-domain BEM (case 1), the analysis time was reduced considerably. To analyse the example of
the embedded cavity in the depth of 2b (Fig. 14), time of 250 s was reported by Yu (2008) in the frequency domain using a computer with
similar capabilities. Compared with the time of 342 s obtained in this study (Table 3), the analysis time of this problem in the time domain
seemed to be very favourable.

6 C O N C LU S I O N S

A half-plane time-domain BEM was presented in the paper to analyse the 2-D scalar wave problems in a linearly elastic medium. Taking
the existing transient full-plane fundamental solution and mathematical method of source image into account, a time-domain half-plane
fundamental solution was obtained for displacement and traction fields at first. Next, the half-plane time-convoluted kernels or, in other
words, key elements of the proposed approach were extracted analytically by applying the time-convolution integral on them. Once the
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Figure 12. Normalized displacement amplitude on the ground surface versus x/b in the presence of an embedded cavity in depth of 5.0b at: (a) η = 0.50;
(b) η = 1.0; (c) η = 1.50; (d) η = 2.0.

Figure 13. Normalized displacement amplitude on the cavity wall for H/b equal to 1.5 and 5.0 at: (a) η = 0.50; (b) η = 1.0.

half-plane time-domain BEM was implemented in computer codes, its applicability and efficiency were validated by the published solutions.
In this regard, three different examples subjected to the external loads as well as seismic motions were examined. The studies showed that
accuracy of the responses was in good agreement for all the examples and capability of the method was appropriately acceptable. In order
to compare accuracy of the half-plane time-domain BEM (case 1) with the corresponding full-plane case (case 2) in completely the same
conditions, a separate BEM code was accordingly prepared based on the full-plane time-domain BEM and it was seen that not only the results
of the half-plane time-domain BEM had more capability and better accuracy, but also the analysis time was dramatically reduced. Whereas
the half-plane time-domain BEM and the full-plane time-domain BEM used the same element dimensions as well as the same time step, the
results obtained by the half-plane time-domain BEM possess a better accuracy. In other words, in problems that could be solved by both these
methods, the half-plane time-domain BEM had the capability to give more accurate results in a much shorter time compared to the full-plane
time-domain BEM.

Whereas the examples presented in this paper showed some advantages of the half-plane time domain BEM over the full-plane time
domain BEM, it is obvious that the former had also some important limitations in comparison with the latter one. Seismic analysis of hills,
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Figure 14. Normalized displacement amplitude on the ground surface versus x/b in the presence of an embedded cavity in the depth of 2.0b at dimensionless
frequency of 2.0.

Figure 15. Normalized displacement amplitude of a half-plane containing embedded truncated circular cavity with h/b = 0.40: (a) ground surface response
for H/b = 5.0 at η = 1.0; (b) ground surface response for H/b equal to 3.0 and 7.0 at η = 1.0; (c) ground surface response for H/b = 5.0 at η = 4.0; (d)
response of cavity wall for H/b = 5.0 at η = 1.0.

ridges as well as non-homogenous mediums with the half-plane BEM was not so straightforward. Besides, due to the complexity of the
half-space Green’s function, they could not be simply extended to important cases such as anisotropic and viscoelastic media. This kind of
problems could be solved more efficiently by the full-plane BEM. Combining the half-plane BEM with the full-space BEM and using the
advantages of each method in its place seem to be another efficient way which should be experienced in the future.
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Table 3. The CPU times in terms of second from executing time-domain BEM codes
with an Intel Core i7 CPU M640 at 2.8 GHz and 4 GB RAM.

Case 1 Case 2

Example 1 A half-plane under uniform traction 3 99

Full semi-circular canyon 38 564

h = 0.25b 41 562
Example 2 Truncated semi-circular canyona h = 0.50b 35 538

h = 0.75b 30 523

H = 1.50b 654 3254
Embedded full circular cavityb H = 2.00b 342 2158

H = 5.00b 1174 10 414
Example 3

H = 3.00b 218 2042
Embedded truncated circular cavity H = 5.00b 328 4673

H = 7.00b 384 6424
aAnalysis times are presented in different truncation thickness (h/b) for the canyon.
bAnalysis times are presented in different dimensionless depths (H/b) for the embedded
cavity.
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