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a b s t r a c t 

A direct half-plane time-domain boundary element method (BEM) was developed and successfully applied to 

analyze the transient response of ground surface in the presence of arbitrarily shaped lined tunnels, embedded 

in a linear elastic half-space, subjected to propagating obliquely incident plane SH-waves. To prepare the model, 

only the interface and inner boundary of the lining need to be discretized. The problem was decomposed into a 

pitted half-plane and a closed ring-shaped domain, corresponding to the substructure procedure. After computing 

the matrices and satisfying the compatibility as well as boundary conditions, the coupled equations were solved 

to obtain the boundary values. To validate the responses, a practical example was analyzed and compared with 

those of the published works. The results showed that the model was very simple and the accuracy was favorable. 

Advanced numerical results were also illustrated for single/twin circular lined tunnels as synthetic seismograms 

and three-dimensional frequency-domain responses. The method used in this paper is recommended to obtain 

the transient response of underground structures in combination with other numerical methods. 

© 2017 Elsevier Ltd. All rights reserved. 
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. Introduction 

According to the extensive development of urban texture and the vi-
al necessity of lifelines, infrastructure and underground openings have
ound an important role in human societies. A full understanding of
he behaviors of underground tunnels including tunnels for transporta-
ion, water, and facilities, can assist in presenting an optimum layout.
he importance of this issue has increased because of the complex per-
ormance of the tunnels against seismic loads. The seismic analysis of
nderground tunnels has been used by the researchers for almost half
 century. A complete review up to 1981 can be found in Ariman and
uleski [1] about the methods employed for analyzing the ground with

nderground tunnels. Apart from experimental and field approaches,
olution methods can be divided into three categories: analytical, semi-
nalytical, and numerical [2] . 

To analyze the ground response in the presence of unlined and lined
unnel cases, analytical and semi-analytical methods were developed as
ell. Lee [3] , Datta and Shah [4] , Lee et al. [5] , Tsuar and Chang [6] ,
nd Gao et al. [7] investigated the unlined tunnels subjected to seismic
aves by analytical approaches. The seismic analysis of a single-phase
edium including a lined tunnel was presented in the analytical studies

f Lee and Trifunac [8] , Balendra et al. [9] , Smerzini et al. [10] , Zhang
t al. [11] , Li et al. [12] , Min and Bing-Yu [13] , Liu et al. [14] , Xu et al.
15] , and Yi et al. [16] . In the use of analytical procedures, the problem
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f lined tunnel embedded in a multi-phase medium was explored by Shi
t al. [17] , Hasheminejad and Kazemirad [18] , and Jiang et al. [19] .
n this regard, some studies can be found in the literature on modeling
he embedded lined tunnels with the help of semi-analytical approaches
hich include Datta et al. [20] , Wong et al. [21] , Chin et al. [22] , Moore
nd Guan [23] , Manoogian [24] , Davis et al. [25] , Yeh et al. [26] , Liao
t al. [27] , and Liu et al. [28] in a single-phase medium, and Zhou et al.
29] in a multi-phase medium. 

According to what is observed in the nature, although the responses
f analytical or semi-analytical methods have a high accuracy, various
ypes of arbitrarily shaped topographic features cannot be applied for
odeling in reality. It results in the development of numerical methods
ith a good flexibility. Generally, these methods can be divided into

wo types of volumetric and boundary methods. Despite the develop-
ent of volumetric methods such as finite element method (FEM) or fi-
ite difference method (FDM) and their simple formulations, the whole
ody including the inside and boundaries must be discretized in order
o model unlined/lined underground tunnels and topographies (e.g. Be-
harat et al. [30] ; Esmaeili et al. [31] ; Faccioli et al. [32] ; Gelagoti et
l. [33] ; Huang et al. [34] ; Narayan et al. [35] ; Rabeti and Baziar [36] ;
iouta-Mitra et al. [37] ). As a result, special attention has been paid to
he boundary element method (BEM) among the various existing nu-
erical methods in the recent three decades. Full reviews of BEM and

ts application can be respectively found in Beskos [38] and Stamos and
eskos [39] for underground structures. 
017 
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In order to model underground tunnels using BEM approaches, the
urrounding boundaries must be discretized. If the two-dimensional
EM formulation was established based on a full-plane scenario, the
ircumference of the unlined/lined tunnel, smooth ground surface, and
nclosing boundary must be meshed [40] . In this regard, full-plane BEM
as statically used by Crouch and Starfield [41] , Yang and Sterling [42] ,
iao and Carter [43] , Panji et al. [44] , Wu et al. [45] , and Panji et al.
46] for modeling underground tunnels. Also, this method was dynam-
cally utilized to analyze the seismic behavior of the ground including
nlined/lined tunnels in the transformed domains (e.g. Kattis et al. [47] ;
iu and Liu [48] ; Luco and de barros [49] ; Manolis and Beskos [50] ; Par-
anova et al. [51] ; Yu and Dravinski [52] ). 

When the stress-free boundary conditions on the smooth ground sur-
ace are satisfied and applied in the formulation, the half-plane BEM sce-
ario is obtained [53] . Although the formulation became more complex,
he accuracy and modeling were improved. In the use of this method,
nly the boundaries around the unlined/lined tunnel need to be dis-
retized. Similar to the full-plane case, half-plane BEM was developed
n both static and dynamic states. Some researchers statically utilized
his method to analyze half-plane problems in the presence of under-
round tunnels as well as inhomogeneities (e.g. Dong et al. [54] ; Dong
nd Lo [55] ; Panji and Ansari [56] ; Telles and Brebbia [57] ; Ye and
awada [58] ). In the frequency domain, half-plane BEM was dynami-
ally applied to obtain the seismic ground response with unlined/lined
unnels (Ba and Yin [59] ; Benites et al. [60] ). Despite the fact that the
ormulation of the method in the time-domain is more difficult, ana-
yzing the problems with time-dependent geometry and the ability to
ombine with other numerical approaches can be only achieved in the
se of transient responses. Most studies carried out using time-domain
EM were not only formulated in the full-plane, but also applied to in-
estigate surface topographies and unlined tunnels (e.g. Alielahi et al.
61] ; Kamalian et al. [62–64] ; Takemia and Fujiwara [65] ). To the best
nowledge of the present authors, in the few studies using half-plane
ime-domain BEM, the lined tunnel problem embedded in a half-plane
as not been studied so far (Belytschko and Chang [66] ; Hirai [67] ; Panji
t al. [53 , 68 , 69] ; Rice and Sadd [70] ). 

This paper develops a half-plane time-domain BEM for analyzing
eismic ground response in the presence of arbitrarily shaped under-
round lined tunnels subjected to propagating obliquely incident SH-
aves. By the assistance of an appropriate substructuring process, the
odel was decomposed into a half-plane with a cavity and a closed ring-

haped medium. After applying the method for each domain and obtain-
ng the influence coefficients of the matrices, continuity and boundary
onditions were used to determine the assembled coupled equation. The
ethod was successfully implemented in a developed algorithm pre-

iously called as DASBEM [53] . The capability and efficiency of the
ethod as well as the prepared computer code were investigated by

olving a practical example and comparing the results with those of
he published works. With considering some intended parameters, a nu-
erical study was eventually conducted to obtain the ground surface

esponse including single/twin circular lined tunnels. Displaying a pow-
rful approach for preparing simple models of underground lined tun-
els, determining accurate results in the use of the proposed method,
nd presenting some applicable graphs to complete the results were the
ain purposes of the present paper. 

. Statement of the problem 

Consider a homogeneous linear elastic half-plane including an arbi-
rarily shaped underground lined tunnel as shown in Fig. 1 . It is assumed
hat the lining and surrounding domain have a perfect interaction. The
overning scalar wave equation and existing boundary conditions on
he smooth ground surface are respectively as follows [71] : 

𝜕 2 𝑢 ( 𝑥, 𝑦, 𝑡 ) 
𝜕 𝑥 2 

+ 

𝜕 2 𝑢 ( 𝑥, 𝑦, 𝑡 ) 
𝜕 𝑦 2 

+ 𝑏 ( 𝑥, 𝑦, 𝑡 ) = 

1 
𝑐 2 
𝜕 2 𝑢 ( 𝑥, 𝑦, 𝑡 ) 

𝜕 𝑡 2 
(1)
221 
nd: 

𝜕𝑢 ( 𝑥, 𝑦, 𝑡 ) 
𝜕𝑛 

|𝑦 =0 = 0 (2) 

here u ( x, y, t ) and b ( x, y, t ) are antiplane displacement and body force
t point ( x, y ) and current time t , respectively; c is shear wave velocity
iven by 

√
𝜇∕ 𝜌, with 𝜇 as shear modulus and 𝜌 as mass density; and n is

he normal vector for the ground surface. As can be seen in Fig. 1 , the
odel is decomposed into two domains, a uniform half-plane with ar-

itrarily shaped unlined cavity, and a closed ring-shaped medium. To
olve the problem, half-plane time-domain BEM must be applied for
ach domain, using the image source approach to define a complemen-
ary area. Moreover, Fig. 1 depicts the meshing form using the proposed
ethod located only on the surrounding boundaries. 

. Half-plane time-domain BEM 

The key parameters of BEM approaches are the solutions obtained
rom basic equations. Transient half-plane fundamental solutions can
e achieved by the singular solution of Eq. (1 ) and considering Eq. (2 ).
hese solutions can be found in Panji et al. [53] . If the problem is stat-

cally solved, fundamental solutions are adequate for the formulating
rocess. An application of elastostatic half-plane BEM in modeling lined
unnels can be found in Panji and Ansari [56] . 

.1. Boundary integral equation (BIE) 

The original form of the direct time-domain boundary integral equa-
ion (BIE) can be obtained by applying the weighted residual integral to
q. (1) and ignoring the contributions from initial conditions and body
orces [72 , 73] . If the problems include incoming waves, the original BIE
ust be modified [74 , 75] . The modified form of BIE is as follows: 

 ( 𝝃) 𝑢 ( 𝝃, 𝑡 ) = ∫Γ
{ 

∫
𝑡 

0 

[
𝑢 ∗ ( 𝒙 , 𝑡 ; 𝝃, 𝜏) .𝑞 ( 𝒙 , 𝜏) − 𝑞 ∗ ( 𝒙 , 𝑡 ; 𝝃, 𝜏) .𝑢 ( 𝒙 , 𝜏) 

]
𝑑𝜏

} 

× 𝑑Γ( 𝒙 ) + 𝑢 𝑓𝑓 ( 𝝃, 𝑡 ) (3) 

 

∗ and q ∗ are half-plane time-domain displacement and traction funda-
ental solutions at position x and time t due to a unit antiplane impul-

ive force in position 𝝃 and preceding time 𝜏, respectively [53] ; u and q
re displacements and tractions of boundary, respectively; Γ( x ) denotes
he boundary of the body; c ( 𝝃) is the geometry coefficient; and u ff is the
ree field displacement of ground surface without surface irregularities.

.2. Discretizing BIE 

To solve BIE and carrying out the integrations, the time axis and the
oundary of the body must be discretized. By discretizing the time axis
sing N equal increments with duration Δt ( t = N Δt ), temporal integra-
ion can be analytically accomplished. With assuming a linear variation
or the temporal shape functions, the following form of BIE can be ob-
ained: 

 ( 𝝃) 𝑢 𝑁 ( 𝝃) = 

𝑁 ∑
𝑛 =1 

∫Γ
( [

𝑈 

𝑁− 𝑛 +1 
1 ( 𝒙 , 𝝃) + 𝑈 

𝑁− 𝑛 
2 ( 𝒙 , 𝝃) 

]
𝑞 𝑛 ( 𝒙 ) 

− 

[
𝑄 

𝑁− 𝑛 +1 
1 ( 𝒙 , 𝝃) + 𝑄 

𝑁− 𝑛 
2 ( 𝒙 , 𝝃) 

]
𝑢 𝑛 ( 𝒙 ) 

) 

× 𝑑Γ( 𝒙 ) + 𝑢 𝑓 𝑓 .𝑁 ( 𝝃) (4) 

here u n ( x ) and q n ( x ) are displacement and traction fields, respec-
ively; u ff.N stands for the free field displacement at time t = N Δt ;
nd 𝑈 

𝑁− 𝑛 +1 
1 ( 𝒙 , 𝝃) + 𝑈 

𝑁− 𝑛 
2 ( 𝒙 , 𝝃) and 𝑄 

𝑁− 𝑛 +1 
1 ( 𝒙 , 𝝃) + 𝑄 

𝑁− 𝑛 
2 ( 𝒙 , 𝝃) denote the

alf-plane displacement and traction time-convoluted kernels, respec-
ively. These closed-form responses can be found in Panji et al. [53] and
anji et al. [68] . All the processes were completely analytically car-
ied out up to now. After discretizing the necessary boundaries of the
ody by M quadratic elements, spatial integration can be numerically
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Fig. 1. A definition sketch for solving the lined tunnel problems using half-plane time-domain BEM approach. 
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one as follows: 

 ( 𝝃) 𝑢 𝑁 ( 𝝃) = 

𝑁 ∑
𝑛 =1 

𝑀 ∑
𝑚 =1 

×

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 

{ 

∫Γ𝑚 

[
𝑈 𝑁− 𝑛 +1 

1 ( 𝒙 ( 𝜅) , 𝝃) + 𝑈 𝑁− 𝑛 
2 ( 𝒙 ( 𝜅) , 𝝃) 

]
𝑁 𝛼( 𝜅) |𝐽 | 𝑑𝜅 } 

𝑞 𝑛 
𝛼
− { 

∫Γ𝑚 

[
𝑄 

𝑁− 𝑛 +1 
1 ( 𝒙 ( 𝜅) , 𝝃) + 𝑄 

𝑁− 𝑛 
2 ( 𝒙 ( 𝜅) , 𝝃) 

]
𝑁 𝛼( 𝜅) |𝐽 | 𝑑𝜅} 

𝑢 𝑛 
𝛼

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 
+ 𝑢 𝑓 𝑓 .𝑁 ( 𝝃) 

(5)

in which M represents the total number of boundary elements, Γm 

stands
or the portion of the boundary to which element " m " belongs, N 𝛼( 𝜅)
enotes quadratic shape functions in terms of the local intrinsic coordi-
ates of 𝜅 ( 𝛼 = 1, 2, 3), and J indicates the Jacobian of transformation.
ith the help of regular Gauss quadrature and special logarithmic inte-

ration for nonsingular and singular integrals, respectively, the follow-
ng matrix form can be obtained for BIE [73] : 

𝑁 

𝑛 =1 
𝑯 

𝑁− 𝑛 +1 { 𝒖 𝑛 } = 

𝑁 ∑
𝑛 =1 

𝑮 

𝑁− 𝑛 +1 { 𝒒 𝑛 } + 

{
𝒖 𝑓 𝑓 .𝑁 

}
(6)

here H 

N − n + 1 and G 

N − n + 1 are the matrices obtained from the integra-
ion over BEs; { u n } and { q n } are vectors of boundary nodal quantities;
nd { u ff.N } is a matrix including free field displacements. After applying
oundary conditions over all the nodes, the solvable form of Eq. (6) can
e obtained as follows: 

𝑨 

1 
1 
]{
𝑿 

𝑁 
}
= 

[
𝑩 

1 
1 
]{
𝒀 𝑁 

}
+ 

{
𝑹 

𝑁 
}
+ 

{
𝒖 𝑓 𝑓 .𝑁 

}
(7)

here { X 

N } and { Y 

N } are vectors of unknown and known boundary
uantities, respectively, and [ 𝑨 

1 
1 ] and [ 𝑩 

1 
1 ] are matrices corresponding

o the above vectors. { R 

N } denotes the effects of past dynamic history
n the current time node N , presented as follows: 

𝑹 

𝑁 
}
= 

𝑁−1 ∑
𝑛 =1 

(
𝑮 

𝑁− 𝑛 +1 { 𝒒 𝑛 } − 𝑯 

𝑁− 𝑛 +1 { 𝒖 𝑛 } 
)

(8)

.3. Internal points 

After solving Eq. (7) , all unknown boundary quantities can be
chieved. To obtain the responses on the smooth ground surface, the
eometric coefficient of c ( 𝝃) in Eq. (3) must be assumed equal to 1. As
an be observed in Fig. 1 , smooth ground surface belongs to Domain
. Thus, internal points must be placed in the equations related to this
omain. 

. Modeling 

As can be seen in Fig. 1 , the model is assembled from an unlined cav-
ty embedded in a half-plane and a closed ring-shaped medium. After
222 
iscretizing all the required boundaries (e.g. interface and inner bound-
ry around the tunnel) and using half-plane time-domain BEM presented
bove for each domain, all matrices can be obtained to form the BIEs.
inally, coupled equations can be illustrated by applying continuity and
oundary conditions. 

.1. Part 1: A pitted half-plane 

This domain of the model is a two-dimensional half-space medium
ith an embedded arbitrarily shaped unlined cavity subjected to propa-
ating obliquely incident SH-waves, as shown in Fig. 1 . The ground sur-
ace and seismic waves belong to this part of the model. The boundary
f the cavity is actually the interface of the lining with the surrounding
omain. The discretization must be done clockwise in order to define the
ormal vector towards the inside. After discretizing the cavity (denoted
y subscript 12) and performing its BIE, the following matrix equation
or time step N = n can be obtained as 

𝑯 

1 
12 
] {

𝒖 𝑁 12 
}
= 

[
𝑮 

1 
12 
] {

𝒒 𝑁 12 
}
+ 

{
𝑹 

𝑁 
12 
}
+ 

{ 

𝒖 
𝑓 𝑓 .𝑁 

12 

} 

(9)

n which: 

𝑹 

𝑁 
12 
}
= 

𝑁−1 ∑
𝑛 =1 

(
𝑮 

𝑁− 𝑛 +1 
12 

{
𝒒 𝑛 12 

}
− 𝑯 

𝑁− 𝑛 +1 
12 

{
𝒖 𝑛 12 

})
(10)

here 𝒖 𝑁 12 and 𝒒 𝑁 12 are displacements and tractions at the interface for

art 1, respectively; 𝑹 

𝑁 
12 is past dynamic history on current time node

 ; and 𝒖 𝑓 𝑓 .𝑁 12 indicates free field displacements for the interface nodes
hich are in fact the input motion of the problem. 

.2. Part 2: A closed ring-shaped medium 

This part is the lining as a ring-shaped medium including two closed
oundaries, one inner and other outer boundary or the interface. To de-
ne the normal vector in the correct direction, a discretization must be
one clockwise and counter clockwise for the inner boundary and the
nterface, respectively. Although ring-shaped medium is embedded in
 half-plane as demonstrated in Fig. 1 , the ground surface and seismic
aves are absent in this part of the model. Therefore, free field displace-
ents cannot be seen in the obtained equations ( 𝒖 𝑓𝑓 ). After discretiz-

ng the model, forming the considered matrices, and differentiating the
odes at the inner boundary (denoted by subscript 2) from those on the
nterface (denoted by subscript 21), the matrix form of BIE for time step
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 = n can be obtained as 

𝑯 

1 
21 𝑯 

1 
2 
]{ 

𝒖 𝑁 21 

𝒖 𝑁 2 

} 

= 

[
𝑮 

1 
21 𝑮 

1 
2 
]{ 

𝒒 𝑁 21 

𝒒 𝑁 2 

} 

+ 

{ 

𝑹 

𝑁 
21 

𝑹 

𝑁 
2 

} 

(11)

n which: 

𝑹 

𝑁 
21 
}
= 

𝑁−1 ∑
𝑛 =1 

(
𝑮 

𝑁− 𝑛 +1 
21 

{
𝒒 𝑛 21 

}
− 𝑯 

𝑁− 𝑛 +1 
21 

{
𝒖 𝑛 21 

})
(12) 

nd 

𝑹 

𝑁 
2 
}
= 

𝑁−1 ∑
𝑛 =1 

(
𝑮 

𝑁− 𝑛 +1 
2 

{
𝒒 𝑛 2 
}
− 𝑯 

𝑁− 𝑛 +1 
2 

{
𝒖 𝑛 2 
})

(13) 

here 𝒖 𝑁 21 and 𝒒 𝑁 21 are displacements and tractions at the interface nodes
f part 2, respectively; 𝒖 𝑁 2 and 𝒒 𝑁 2 are displacements and tractions on

he inner boundary of the lining, respectively; and 𝑹 

𝑁 
21 and 𝑹 

𝑁 
2 denote

ast dynamic history for the interface and inner surface of the lining,
espectively. 

.3. Assembling 

After determining the discretized BIEs for each part, two series equa-
ions must be assembled into a coupled equation for simultaneous so-
ution. For this purpose, continuity conditions must be applied at the
nterface. By considering these conditions, we can write: 

 

𝑁 
12 = 𝒖 𝑁 21 (14) 

1 𝒒 
𝑁 
12 = − 𝜇2 𝒒 

𝑁 
21 (15)

here 𝜇1 and 𝜇2 are shear modules for half-plane and the lining, respec-
ively. According to Eqs. (14) and (15) , with the displacements being
qualized and the tractions being vanished at the interface, the original
oupled equation can be obtained as follows: 
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n which: 
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( 2 ) = 

{ 

𝑹 

𝑁 
21 

𝑹 

𝑁 
2 

} 

(17) 

Given that stress-free boundary conditions occur on the inner surface
f the lining, 𝒒 𝑁 2 is also equal to zero. Therefore, after applying these
onditions, the following equation can be written: 
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(18)

The above equation can be directly solved to obtain the unknown
alues at the interface as well as the displacements at the inner bound-
ry of the lining. Once all boundary values are determined, the displace-
ents on the smooth ground surface can be achieved as internal points.
ccording to Section 3.3 , to obtain the responses on the ground surface,

he discretized BIE for an internal point m can be modified as follows: 

𝒖 𝑁 ⋅𝑚 } = 

𝑁 ∑
𝑛 =1 

( [ 
1 
𝜇1 

𝑮 

⟨𝑁− 𝑛 +1 ⋅𝑚 ⟩
12 

] {
𝒒 𝑛 12 

}) 

− 

𝑁 ∑
𝑛 =1 

([
𝑯 

⟨𝑁− 𝑛 +1 ⋅𝑚 ⟩
12 

]{
𝒖 𝑛 12 

})
+ 

{
𝒖 𝑓 𝑓 ⋅𝑁 ⋅𝑚 

}
(19) 

here u N.m and 𝒖 𝑓 𝑓 .𝑁.𝑚 are the displacement and the free field mo-

ion at internal points, respectively, and 𝑮 

⟨𝑁− 𝑛 +1 .𝑚 ⟩
12 and 𝑯 

⟨𝑁− 𝑛 +1 .𝑚 ⟩
12 are

he matrices in which the elements are obtained by considering the in-
223 
ernal points and boundary nodes as source and receiver points, respec-
ively. 

. Validation example 

The above formulation was implemented in a developed BEM algo-
ithm, previously called as DASBEM [53] . To validate the formulation
s well as the prepared code in modeling the lined tunnels, a practical
xample was analyzed and compared with those of the published works.
n this regard, the Ricker wavelet function was considered as the input
otion [76] . To satisfy stress-free boundary conditions on the smooth

round surface, the Ricker function was presented in two parts accord-
ng to incident and reflected waves as follows: 
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(20) 

n which: 

inc . = 𝑐 
(
𝑡 − 𝑡 0 

)
+ 𝑟 inc . ; 𝑟 inc . = − sin 𝜃.𝑥 + cos 𝜃.𝑦 (21)

nd 

ref . = 𝑐 
(
𝑡 − 𝑡 0 

)
+ 𝑟 ref . ; 𝑟 ref . = − sin 𝜃.𝑥 − cos 𝜃.𝑦 (22)

here f p , t 0 and a max are predominant frequency, time-shift parameter,
nd maximum displacement time-history, respectively; H (.) is the Heav-
side function; 𝜃 is the incident wave angle; and 𝛼inc. and 𝛼ref. are the
hase of incident and reflected waves, respectively. In Fig. 2 , the di-
ensionless shape of the Ricker wavelet time history is presented for an

ssumed point on the regular ground surface. Because of having a unit
ominant pulse, this form of incident waves is favorable in numerical
odels. 

.1. Circular unlined tunnel 

A circular lined tunnel was modeled as the unlined case. In this re-
ard, material properties of the lining were equal to those of the sur-
ounding domain. A half-plane including an embedded circular cavity
ubjected to SH-waves was analyzed by Lee [3] and Luco and de barros
49] using an analytical approach and the full-plane frequency-domain
EM, respectively. To this end, the tunnel was buried in the depth of
.5 b. The inner radius (a) and thickness of the lining ( t ) were assumed
qual to 200 m and 0.1 b, respectively. The characteristics of the Ricker
avelet, i.e. maximum amplitude, time-shift parameter, and predom-

nant frequency, were equal to 0.001 m, 1.4 s, and 3 Hz, respectively.
he boundaries (i.e. inner boundary of the lining and the interface) were
iscretized with 80 elements, and 121 internal points were considered
n the smooth ground surface. The problem was analyzed by 500 time
teps with the time interval of 0.01 s. The density and shear wave ve-
ocity of the surrounding domain which were equal to lining properties
ere included as 1 ton/m 

3 and 800 m/s, respectively. To present the
esults, the dimensionless frequency must be defined as follows: 

= 

𝜔 𝑏 

𝜋 𝑐 
(23) 

n which 𝜂 is the dimensionless frequency, 𝜔 is the angular frequency,
nd c is the shear wave velocity. Fig. 3 depicts the normalized displace-
ent amplitude (| u |) of the ground surface in the presence of an embed-
ed lined tunnel including the same materials as those of the surround-
ng domain subjected to vertically propagating incident plane SH-waves
n the dimensionless frequencies of 0.5 to 1.5, respectively. The normal-
zed displacement amplitude was defined as the ratio of ground surface
isplacement amplitude to input motion amplitude. As can be observed,
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Fig. 2. Displacement time history of the Ricker wavelet. 

Fig. 3. Normalized displacement amplitude of the ground surface in the presence of a circular lined tunnel with material properties equal to those of the surrounding domain subjected 

to vertical incident SH-waves. 
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he responses are in agreement with those of solutions presented by Lee
3] and Luco and de barros [49] . 

. Numerical results 

To demonstrate the ability of the present approach for modeling ac-
ual problems, a circular tunnel with concrete lining was assumed in a
alf-plane including silty clay soil. Although this problem was solved
n the literature ([8, 10, 24]), presenting surface responses at high fre-
uencies and obtaining some developed results are the main purposes
f this section. The properties of the lining and the soil are shown in
able 1 [9] . If the impedance ratio ( I ) of the two domains were define
224 
s follows: 

 = 

( 𝜌 𝑐 ) soil 
( 𝜌 𝑐 ) lining 

(24)

hen, according to the assumed properties, it would be obtained equal
o 0.10 in this problem. This means that the lining was about ten times
arder than its surrounding domain. To achieve favorable responses,
he boundaries of tunnel were discretized with 59 BEs. A total of 121
nternal points was located in the surface. The depths of 1.5 b and
.5 b were considered for the tunnel. The dimensionless thickness of
ining was equal to 0.1 b. Four angles of the incident wave were ap-
lied as 0, 30, 60, and 90°. Depending on the depth of the tunnel, the
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Table 1 

Properties of the soil and the lining for numerical example. 

Density (ton/m 

3 ), 𝜌 Shear wave velocity (m/s), c Shear modulus (GPa), 𝜇

Properties of the soil 1.64 275 0.124 

Properties of the lining 2.41 1870 8.40 

Fig. 4. Synthetic seismograms of the surface in the presence of a circular lined tunnel in the depth of h and incident SH-wave angle of 𝜃 (a) h = 1.5 b, 𝜃 = 0° (b) h = 1.5 b, 𝜃 = 30° (c) 

h = 1.5 b, 𝜃 = 60° (d) h = 1.5 b, 𝜃 = 90° (e) h = 2.5 b, 𝜃 = 30° (f) h = 2.5 b, 𝜃 = 60°. 
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ime-shift parameter of the Ricker wavelet and the number of time steps
ere changed from 2.4 to 4.4 s and 600–800, respectively. Other param-

ters were the same as those of previous example. 

.1. Synthetic seismograms 

In the time-domain analysis, synthetic seismograms can be directly
btained. Fig. 4 illustrates the synthetic seismograms of the surface in
he presence of a circular lined tunnel embedded in the depths of 1.5 b
nd 2.5 b subjected to incident SH-waves with different angles. In the
225 
ase of the vertical incident wave ( Fig. 4 (a)), the reflection and refrac-
ion of the waves are low compared to oblique incident cases, and the
esponses converge rapidly. As can be seen in Fig. 4 (b)–(d), for the an-
les of 30°, 60°, and 90°, not only are the effect of creeping and reflected
aves more obvious, but also the amplitude of the responses are greater

han those of the vertical case, especially near the wave front. With in-
reasing the depth of the tunnel, a distance is created between the waves
eflected from the surface. Fig. 4 (e) and (f) presents synthetic seismo-
rams for a lined tunnel in the depth of 2.5 b under incident SH-waves
ith the angle of 30° and 60°, respectively. As can be seen, by creating
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Fig. 5. 3D amplification of the surface in the presence of a circular lined tunnel in the depth of h and incident SH-wave angle of 𝜃 (a) h = 1.5 b, 𝜃 = 0° (b) h = 1.5 b, 𝜃 = 30° (c) h = 1.5 

b, 𝜃 = 60° (d) h = 1.5 b, 𝜃 = 90° (e) h = 2.5 b, 𝜃 = 30° (f) h = 2.5 b, 𝜃 = 60°. 
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(  
he distance between the reflected waves, the convergence occurs later
han the corresponding case in the depth of 1.5 b, and the amplitudes
re reduced. It seems that seismograms are stretched with increasing the
epth. 

.2. Frequency-domain responses 

The amplitudes of responses can be obviously observed in the fre-
uency domain. Thus, three-dimensional frequency-domain responses
re presented in Fig. 5 . This figure shows the amplification (the ratio
f ground response amplitude to the free-filed case) of the surface ver-
us the dimensionless frequencies for a circular lined tunnel subjected
o oblique incident SH-waves. As can be seen in Fig. 5 (a), the presence
f lined tunnel has a mitigating role for vertical incident waves in the
pper range of the tunnel, so that even de-amplification increases with
ncreasing the frequency. Nevertheless, in the cases of oblique waves
 Fig. 5 (b)-(d)), the performance is observed differently. A safe region
orms beyond the tunnel away from wave front. The responses swing
lowly around the free field. Maximum amplification is illustrated at the
dge of the tunnel near the wave front on the surface. Although fluctua-
226 
ions increase with growing the depth ( Fig. 5 (e) and (f)), the amplitudes
educe in the side near the wave front. 

.3. Twin lined tunnels 

To show the practicability of the present method as well as the effi-
iency of the developed algorithm, an example was analyzed including
he interaction of twin circular lined tunnels subjected to propagating
ncident SH-wave. Schematic drawing of the example with all parame-
ers is shown in Fig. 6 . All parameters were the same as those of previ-
us example. It was assumed that the material properties of two linings
ere the same. As can be seen in Fig. 6 , only the boundaries around the

unnels were discretized to create the model. Fig. 7 (a) and (b) shows
he synthetic seismograms of the surface in the presence of two circu-
ar lined tunnels embedded in the depth of 1.5 b at distance of 2.5 b
ubjected to propagating incident SH-wave with angles of 0° and 90°,
espectively. The results are presented in the range of − 5 b to 5 b from
he smooth surface. As can be seen, the interaction effect of twin tunnels
re obtained on the responses compared to single tunnel ( Fig. 4 (a) and
d)). In these figures, the trapped waves as well as high fluctuations of
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Fig. 6. Schematic drawing of the twin circular lined tunnels subjected to incident SH- 

wave. 
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he responses are obvious. Also, multiple diagonal ridges can be seen
n the responses due to the reflection of the waves between the ground
urface and tunnels crest. It is obvious that the responses are reduced by
ig. 7. Synthetic seismograms of the surface in the presence of twin circular lined tunnels (a) h

d) h = 2.5 b, d = 2.5 b, 𝜃 = 0° (e) h = 2.5 b, d = 3 b, 𝜃 = 0° (f) h = 2.5 b, d = 4 b, 𝜃 = 0°. 

227 
ncreasing the distance between tunnels. As can be seen in Fig. 7 (c), for
he tunnels in the distance of 3 b, not only the wave oscillations but also
he amplitude of the responses are slower than case of 2.5 b. Fig. 7 (d)–(f)
resents the synthetic seismograms of the surface for the tunnels embed-
ed in the depth of 2.5 b and distances of 2.5 b, 3 b and 4 b, respectively.
n this depth, increasing the distance between the tunnels has more in-
uence to reduce the responses compared to the previous case. 

In Fig. 8 (a)–(f), three-dimensional amplification pattern of the
round surface can be observed in the presence of twin circular
ined tunnels in different depths and distances. As can be seen, de-
mplification pattern are frequently observed on the surface above the
unnels in the case of vertical incident SH-wave. There are always crit-
cal responses between two tunnels on the surface. With increasing the
epth of the tunnels, the responses of the sides of the ground surface
re also amplified. But, the distance between the tunnels has a differ-
nt effect, so that de-amplification ranges (or seismic isolated areas) are
ncreased by increasing the distance between two tunnels. It is obvious
hat the depth and distance of the tunnels are affected on the formation
f response patterns. 
 = 1.5 b, d = 2.5 b, 𝜃 = 0° (b) h = 1.5 b, d = 2.5 b, 𝜃 = 90° (c) h = 1.5 b, d = 3 b, 𝜃 = 0°
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Fig. 8. 3D amplification of the surface in the presence of twin circular lined tunnels (a) h = 1.5 b, d = 2.5 b, 𝜃 = 0° (b) h = 1.5 b, d = 2.5 b, 𝜃 = 90° (c) h = 1.5 b, d = 3 b, 𝜃 = 0° (d) 

h = 2.5 b, d = 2.5 b, 𝜃 = 0° (e) h = 2.5 b, d = 3 b, 𝜃 = 0° (f) h = 2.5 b, d = 4 b, 𝜃 = 0°. 
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. Conclusions 

An advanced half-plane time-domain BEM approach was devel-
ped and successfully applied to analyze a homogeneous elastic two-
imensional half-space including arbitrarily shaped embedded lined
unnels subjected to propagating incident SH-waves. Utilization of this
pproach only required the discretization of the tunnels. The model was
stablished based on a decomposition scenario as the interaction be-
ween a pitted half-plane and a ring-shaped domain. After computing
he influence coefficients of matrices for each domain and satisfying
he continuity and boundary conditions, respectively, at the interface
nd inner boundary of tunnel, a coupled equation was obtained for the
tep-by-step analysis in the time domain. This process was properly im-
lemented in developing a known temporal algorithm which had previ-
usly been called as DASBEM [53 , 68 , 69] . To demonstrate the ability of
he approach as well as the efficiency of the algorithm, an example was
nalyzed and compared with those of the published works. The results
228 
ndicated that the method has a favorable accuracy for solving lined
unnel problems. Moreover, a practical example was investigated to il-
ustrate the extensive numerical results of single/twin circular concrete
ined tunnels buried in the soft soil subjected to propagating oblique
ncident SH-waves at high frequencies. In this regard, some effective
arameters were considered on the amplification pattern of the ground
urface, whose results can be summarized as follows: 

1- Synthetic seismograms indicate that increasing the angle of incident
has a positive effect on the refraction of the waves and spread of the
reflected waves ’ region. 

2- Three-dimensional frequency-domain responses showed that the
presence of the lined tunnel against vertical waves was more effi-
cient in reducing surface amplification at different frequencies com-
pared to other cases of incident. Also, it was seen that forming the
safe area can be obtained in the opposite side of the wave front for
propagating oblique waves, especially in a shallow depth. 
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3- The depth of the tunnel establishment affected the form of the re-
sponse pattern. Increasing the depth reduced not only the ampli-
tudes, but also the number of oscillations in the case of vertical in-
cident. 

4- Synthetic seismograms of the surface for twin lined tunnel show that
the distance between the tunnels has important influence on the re-
sponse formation, especially on its concentration and the distribu-
tion of oblique ridges. 

5- By increasing the distance between two tunnels, de-amplification ar-
eas were increased on the surface not only the above the tunnels, but
also on both sides in vertical incident case. 

Although this paper was focused on the displacement factor as well
s amplification ratio of the ground surface, obtaining the stress concen-
ration factor around the lined tunnels using the proposed method is an
nteresting topic, which will be presented in the future works. 
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